After discussing the intrinsic ambiguity in determining the light quark mass ratio m u /m d , we reexamine the recent proposal that this ambiguity can be resolved by applying the QCD multipole expansion for the heavy quarkonium decays. It is observed that, due to instanton effects, some matrix elements which have been ignored in previous works can give a significant contribution to the decay amplitudes, which results in a large uncertainty in the value of m u /m d deduced from quarkonium phenomenology. This uncertainty can be resolved only by a QCD calculation of some second order coefficients in the chiral expansion of the decay amplitudes.
It has been observed by a number of authors [1 − 5] that second order corrections in chiral perturbation theory can significantly affect the estimate of the light quark masses. In particular, it was pointed out that the determination of m u /m d suffers from a large uncertainty due to the instanton-induced mass renormalization [1, 3] : Recently it was argued that the above mentioned difficulty can be overcome by noting that the instanton-induced mass M I is distinguished from the bare mass M through its θ-dependence where θ denotes the CP violating QCD vacuum angle [6] . If one keeps the θ-dependence explicitly, M I always appears with the phase e iθ due to the winding number of instantons. Note that M and e iθ M I have the same transformation under the QCD chiral symmetry SU(3) L × SU(3) R × U(1) A under which
where L ∈ SU(3) L , R ∈ SU(3) R , and α generates the anomalous U(1) A rotation.
Then one may be able to measure M directly, notM involving an arbitrary unknown parameter ω, by probing the θ-dependence of the QCD dynamics. Among quantities that probe the θ-dependence, the matrix elements φ|GG|0 (φ = π 0 or η) were considered in ref. [6] . It was then argued that the ratio R A ≡ π 0 |GG|0 η|GG|0 can be reliably determined by applying the QCD multipole expansion for the quarkonium decays ψ ′ → J/ψ + φ, which would allow us to precisely determine m u /m d . In this paper, we wish to reexamine whether the QCD multipole expansion applied for the quarkonium decays can provide a way to determine m u /m d without doing any nonperturbative QCD calculation. Our result then confirms the conclusion of ref. [7] , viz. in order to precisely determine m u /m d , one needs to calculate a QCD matrix element which receives a potentially large instanton contribution. Since such a calculation is not available at present, a rather wide range of m u /m d , including zero, should be considered as being consistent with our present knowledge of QCD.
To proceed, let us briefly review the points that were discussed in refs. [3, 6, 7] .
In order to extract information on M, one usually considers measurable quantities whose M-dependence can be deduced from an effective lagrangian of hadron fields.
This is not a severe limitation since it is hard to imagine a measurable quantity which may provide useful information on M through its M-dependence but can not be described by any hadronic effective lagrangian. 
where the ellipsis denotes other possible higher order terms.
To be invariant under the anomalous U(1) A symmetry, the effective lagrangian is θ-dependent in general. One may then expand the θ-dependent effective lagrangian around θ = 0:
Clearly
ef f ≡ L ef f (θ = 0) describes the normal CP conserving strong interactions while the terms of nonzero n describe the θ-dependence of the QCD dynamics, including the CP violation due to a nonzero θ. In view of the arguments leading to eq. 
under which L ef f (n = 0) distinguish since they arise from the θ-dependence. Based on this observation, it was stated in ref. [3] that the normal CP conserving strong interactions which are described by
ef f always concern the effective massM with an unspecified value of ω, while the CP violating amplitudes or the nonderivative axion couplings probe directly the bare mass M. (Note that up to a small mixing with mesons, θ corresponds to the constant mode of axion in axion models.) For instance, if det(M) = 0, then θ can be rotated away (even in the case without axion) and axion becomes massless although
ef f 's (n = 0) in eq. (4) might be useful also, one usually considers only 1 Throughout this paper, whenever we say about the IT, it is assumed that the corrections of
ef f in extracting information on M from experimental data. Of course the reason is that it is quite nontrivial to find a link between the available experimental data and the terms of nonzero n. The IT was defined as acting on M and the second order
ef f is invariant, all measurable quantities described by L (0) ef f , i.e. expressed in terms of M and other parameters that appear in L (0) ef f , are also invariant under the IT. This can be understood also by observing that the IT can be considered as a kind of renormalization group (RG) transformation associated with the instanton-induced mass renormalization [7] . In taking this specific instanton effects into account, one can use the following scheme. For θ which is fixed to be zero, the contribution to L ef f should be independent of our choice of µ I , i.e. are invariant under the IT.
As was argued previously [7] , if we restrict ourselves to L In considering the IT as a RG transformation, it must be noted that the scale µ I is introduced only for the instanton-induced mass renormalization, but not for other kind of instanton effects. This isolation of the instanton-induced mass renormalization from other instanton effects can be easily achieved in the dilute instanton gas approximation. Then the conclusion that measurable quantities deduced from L (0) ef f are invariant under the IT can be understood by restricting ourselves to the effects of relatively small instantons for which the dilute gas approximation is valid.
its variation under the IT is roughly ωm s /4πf which can be as large as about 1/2, implying a rather large uncertainty.
To be more specific, let us consider the case of using the pseudoscalar meson masses as experimental input. The relevant part of the effective lagrangian is [8] 
where χ = 2B 0 M for B 0 = − 0|ūu|0 /f 2 defined at chiral limit, and the SU(3)-valued U denotes the pseudoscalar meson octet. For the above terms, the IT of eq.
(5) can be written as [2, 5] :
where h 6 = h 7 = 1 and h 8 = −2. Note that m s can be considered to be invariant since its variation is negligibly small compared to m s for ω of order unity. In refs.
[ 2, 8] , it was found that
where ef f under the IT, and as was pointed out in ref. [6] , might be resolved by including the noninvariant terms L (n) ef f (n = 0) in the analysis. In QCD, one can probe the θ-dependence through the matrix elements involving the insertion of the two gluon operator GG, e.g., φ|GG|0 (φ = π 0 or η) and 0|(GG)(GG)|0 . The hadronic realizations of such matrix elements contain L (n) ef f (n = 0) in general. In axion models, φ|GG|0 describes the axion-meson mixing while the other matrix element is related to the axion mass.
As a result, physical processes involving axion may provide information on these matrix elements, and thus on the bare quark mass M. However it is totally unclear whether the normal strong interaction data can also provide any information on these matrix elements. In ref. [6] , it was observed that the matrix element φ|GG|0 appears in the QCD multipole expansion applied for the heavy quarkonium decays Φ ′ → Φ + φ (Φ = J/ψ or Υ). The major purpose of this paper is to examine whether this allows us to determine m u /m d without doing any nonperturbative QCD calculation.
The quarkonium decays Φ ′ → Φ + φ can be described by the effective lagrangian of eq. (3) with Ω i 's containing the SU(3)-singlet heavy quarkonium fields Φ and Φ ′ together with φ. The resulting decay amplitudes H(φ) (for Φ ′ at rest) can be written as:
where Φ ′ i and Φ i denote the spin vectors of Φ ′ and Φ respectively, p i is the momentum of φ = φ a λ a . Clearly the above amplitudes must be invariant under the IT of eq. (5), acting on M and also onγ which is proportional to an appropriate combination of b i 's.
As was discussed by Voloshin and Zakharov (VZ) [9] , the QCD multipole expansion whose expansion parameter is the inverse of the heavy quark mass provides another expression for H(φ):
where W 0 depends on the quarkonium wavefunctions, and
At the leading order in the multipole expansion, the quarkonium wavefunctions can be considered to be independent of M, and thus W 0 is invariant under the IT. This means that X(φ) which is written as
is invariant under the IT of eq. (5), implying that γ ≡γ/W 0 is transformed as
In any case, one can define
so that
Note that A(φ) can be written as A(φ) = i 12 φ|g 2 GG|0 where GG ≡ G a µνG aµν .
In the attempt to determine m u /m d using the quarkonium decays, the quantities of interests are R X ≡ X(π 0 )/X(η) and R A ≡ A(π 0 )/A(η). Then R X can be fixed by the quarkonium decay data, while it is necessary to fix R A to determine m u /m d . In fact R A = R X at the leading order in M, however we need to include the corrections of O(M 2 ) for a meaningful determination of m u /m d . In ref. [6] , following ref. [9] , it was simply assumed that |B(φ)| ≪ |A(φ)|, which would imply R X ≃ R A even at
. Here we first argue that there is no reason for this assumption to be viable, and later show how the instanton-induced mass renormalization promotes R A to be greater than R X .
The statement that B(φ) may be significantly smaller than A(φ) was first made by VZ [9] who observed that A(φ) = O( √ N c ), and thus is enhanced by one power of N c with respect to the naive N c -counting. This enhancement is due to the η 0 -pole where the SU(3)-singlet η 0 denotes η ′ at chiral limit. Roughly we have Thus from now on, we will concentrate on how the instanton-induced mass renormalization affects A(φ) and B(φ), so that promotes R A to be greater than R X . For this purpose, we study the IT of the second order chiral coefficients α and β that appear in the following chiral expansion 4 :
where the ellipses denote other possible second order terms. Note that eqs. (12) and (15) imply that A(φ) and B(φ) can be expanded as above although these matrix elements can not be evaluated by using L
ef f alone.
In order to derive the IT of α, let us express the physical meson fields π 0 and η in terms of φ 3 and φ 8 as 5 : π 0 = φ 3 + ǫφ 8 , η = φ 8 − ǫφ 3 . The mixing parameter ǫ can be written as
where κ is a dimensionless parameter of O (1) 
In fact, using the chiral lagrangian, ǫ was evaluated as [6] :
assuring the above IT of κ (see the IT of L i 's in eq. (7)).
Using eqs. (17) and (18), we can obtain
while the anomalous Ward identity
where f π and M π denote the decay constant and the mass of the physical π 0 respectively.
Here and in what follows, ellipsis always denotes a dimensionless coefficient of O (1) which is untouched by the IT. Then comparing (22) with (21) together with 5 In fact, due to the SU (3) breaking, the π 0 -φ 8 mixing can be different from the η-φ 3 mixing at O(M 2 ). However this difference does not affect our analysis of the IT, and thus will be ignored.
the expressions of f π and M π given in ref. [8] , we find
which yield the following IT
Here the IT of β is derived from that of α and γ, using x = a + b and γ = α + β.
We are now ready to see how the instanton-induced mass renormalization affects R A and R X , and what is still necessary to determine m u /m d using the QCD multipole expansion applied for the quarknonium decays. Using eqs. (12), (17), and (18), we can obtain
where ξ X = κ/3 − 2γ/3x + ..., ξ A = κ/3 − 2α/3a + ... are dimensionless coefficients of O(1). Then the IT of α, γ, and κ derived so far gives the following IT:
We have argued that the IT can be interpreted as a kind of RG transformation changing the scale µ I that appears associated with the instanton-induced mass renormalization. With this interpretation, the IT of ξ A,X for a maximal value of the transformation parameter, i.e. ω = ω max , represents the negative of the full instanton contribution to ξ A,X . Then ξ A receives a positive contribution ω max from instantons, while ξ X receives a negative one with the same size. Although its precise value is quite sensitive to the unknown nonperturbative QCD dynamics, it has been observed that ω max can be as large as 2 ∼ 3 in the semiclassical instanton gas approximation [1, 3] . Then although not very reliable, for such a large ω max , it is more likely that R A is significantly greater than R X .
Applying the QCD multipole expansion for the measured quarkonium decay widths Γ(ψ ′ → Jψ + φ) (φ = π 0 or η), one finds R X ≃ 4.3 × 10 −2 [6, 10, 11] . Also in ref. [6] , the size ofR 
where δξ ≡ (ξ A − ξ X ) is a totally unknown coefficient of O(1). If ω max = 2 ∼ 3 whose possibility was assured within the semiclassical instanton gas approximation [1, 3] , it is conceivable to assume that δξ is dominated by the positive instanton contribution can be consistent with the observed quarkonium decays. As was concluded in ref. [7] , to determine m u /m d precisely, we need a QCD calculation of the chiral coefficient δξ = (ξ A − ξ X ) which is sensitive to the IT. If instanton contribution to δξ dominates over other contribution, which is conceivable for ω max = 2 ∼ 3, and thus δξ > 0, the observed quarkonium decays imply m u /m d < 0.3, allowing the massless up quark scenario [1, 2, 3] for the absence of CP violation in strong interactions.
